The motion of a solid and no-slip spherical body immersed in a Newtonian liquid near a motionless, plane and impermeable slip wall is investigated, in the creeping flow approximation, using on the wall the Navier slip boundary condition. The considered cases are as follows (i) a sphere either translating or rotating parallel to the wall in a quiescent liquid; (ii) a sphere either held fixed or freely-suspended in a modulated, linear or quadratic ambient shear flow. For each case, the velocity and pressure fields about the sphere together with the associated physical quantities whenever relevant (the force, torque, non-zero stresslet component on the sphere and its translational and angular velocities) are expressed in bipolar coordinates as infinite series, the coefficients of which are governed by an infinite linear system. This system is solved numerically by first truncating at an order depending on the relevant quantity and on the sphere location and wall slip length and then applying either a Gaussian elimination or a Thomas' algorithm for inverting a large tridiagonal matrix. Handy formulae for all key quantities are also derived as asymptotic expansions for a sphere-wall gap that is large compared with the sphere radius. The sensitivity of the computed associated normalized friction factors (force, torque, stresslet) and mobilities (translational and angular velocities) to both the sphere location and the wall slip length are then discussed.
Introduction
Various applications are concerned with a suspension of solid particles immersed in a Newtonian liquid flowing near a boundary. Particle-boundary hydrodynamic interactions play a key role in the macroscopic suspension flow properties (such as suspension effective viscosity, effective Brownian diffusion coefficient, average settling velocity). These interactions deeply depend upon the surface shape (whether planed or curved) and nature (whether solid or deformable, impermeable or permeable, not slipping or slipping). While the no-slip boundary condition for a viscous liquid is universally recognised as being the most relevant one, it is not applicable any more for instance for impermeable hydrophobic surfaces or impermeable surfaces with micro-scaled or nano-scaled patterns (in those cases, considering an average over the patterns). In such special cases, the noslip condition must be replaced by another boundary condition allowing for a prescribed non-zero tangential component of the liquid velocity on the surface. It has recently been recognised in the literature (see for example (1) for a review) that a slip condition initially proposed by Navier (2) is the appropriate one. This condition takes a very simple form for a plane, motionless and impermeable solid wall . Taking Cartesian coordinates (O, x, y, z) with associated unit vectors (e x , e y , e z ) and origin O attached to the z = 0 plane motionless surface, the boundary condition for the liquid velocity v are v.e x = λ ∂v.e x ∂z , v.e y = λ ∂v.e y ∂z and v.e z = 0 at (z = 0),
where λ ≥ 0 is the wall slip length and may be interpreted as the distance to which the velocity profile should be extrapolated inside the solid boundary for the velocity to vanish. It should be emphasized that (1) has been sustained by experimental investigations (3) (4) (5) (6) . ‡ Of course, the usual no-slip boundary condition is retrieved for λ = 0.
In a first step towards the modelling of the viscosity of a dilute suspension flowing above a solid plane slip wall, the attention may be restricted to the case of a single solid particle interacting with the wall. That is, hydrodynamic interactions between particles are ignored. Even for this more tractable case, determining the liquid flow velocity and pressure remains in general an involved task since these fields are governed by the unsteady non-linear Navier-Stokes equations. Fortunately, for a sufficiently small particle all inertial effects may be neglected and the liquid flow fulfills the quasisteady creeping flow equations (that is the classical linear Stokes equations). Within this convenient and relevant low-Reynolds-number flow approximation, several papers have been concerned with the interaction of a solid no-slip spherical particle with a plane slip wall § . To this framework belong the pioneering calculations of (7-9) for a sphere rotating or translating normal to a slip wall, using bipolar coordinates together with the lubrication technique for small gaps. The cases of a sphere either translating or rotating parallel to a slip wall in a fluid at rest and either held fixed or freely suspended near the slip wall in a linear ambient shear flow have also been addressed using bipolar coordinates in (10) (11) (12) .
A general ambient Stokes flow (complying with the Navier condition (1) on the slip wall) that is weakly varying on the scale of the sphere-wall distance may be approximated by a Taylor expansion in the coordinates near the wall. By linearity of the Stokes equations, the flow problem then boils down to dealing with polynomial ambient Stokes flows. These problems have been solved, again in bipolar coordinates, for a no-slip wall (λ = 0) by retaining flows up to degree 2 in (13, 14) or even up to degree 3 in (15), respectively. Note that, when approximating the ambient flow up to degree 2, the article (13) provides results of medium accuracy for the particle in ambient modulated shear flow and linear and quadratic shear flows. More accurate results have been later obtained in (16) for the linear shear flow and in (14) for the modulated and quadratic shear flows. The case of the quadratic shear flow near a slip wall (λ > 0) has been briefly addressed in (17, 18) with also asymptotic expansions of the force, torque and non-zero stresslet component exerted on a distant sphere held fixed in the ‡ A typical value of the slip length would be around 100 μm. § Note that there is a related problem in low pressure gases at low Knudsen number, where a slip condition is applied for the gas on all surfaces. That boundary condition is equivalent to the Navier condition (1) .
Downloaded from https://academic.oup.com/qjmam/article-abstract/69/4/353/2450519 by Ecole Polytechnique user on 13 September 2018 The article is organized as follows. The notation and addressed second-order unidirectional ambient Stokes flow are presented in section 2 while the case of the ambient modulated shear flow is investigated in section 3 either for a close sphere or a distant one (deriving then asymptotic estimates). The treatment of the linear and quadratic ambient shear flows is handled in section 4. The coefficients in the series of the solutions in bipolar coordinates are calculated using two different methods and the numerical results for arbitrary sphere location are presented in section 5 together with the asymptotic analysis for a distant sphere. Finally, concluding remarks are in section 6.
Governing problems and selected ambient flow
Consider, as illustrated in Fig. 1 , a solid sphere with centre O , radius a and surface S immersed in a Newtonian liquid with uniform density ρ f and viscosity μ above a plane, motionless, impermeable and slipping wall . Cartesian coordinates (O, x, y, z) with unit vectors (e x , e y , e z ) are attached to the wall represented by z = 0 and the sphere centre O is located on the (O, e z ) axis with OO = le z and l > a.
In absence of the sphere, the ambient liquid velocity and pressure are (u a , p a ) in the entire z > 0 half space. The solid sphere experiences a rigid-body motion described by its translational velocity U (that is the velocity of its centre O ) and angular velocity . Let the disturbed flow velocity and pressure in the liquid domain D around the particle be (u a + u, p a + p), respectively. Let the scale of both velocity fields be V . Inertial effects are assumed to be negligible, that is Re = ρ f Va/μ 1. Under these assumptions, both ambient and disturbed flows obey the Stokes equations. With the correcting here an error made in (18) 
u.e z = 0, u.e x = λ ∂u.e x ∂z and u.e y = λ ∂u.e y ∂z on (z = 0),
where M denotes a current point in the flow field. Equations (3) and (5) are the mixed-type Navier slip boundary conditions (2) and λ ≥ 0 designates the so-called wall slip length which quantifies the wall ability to let the flow slip tangent to it. As specified by (6) , there is no slip on the sphere surface S. Let σ be the stress tensor of the flow field (u, p). The flow field (u a + u, p a + p) exerts on the sphere the following force F and torque T about the point O
with n (see Fig. 1 ) the unit normal on S pointing into the liquid. In practice, three different circumstances arise: Case (1): A sphere experiencing a prescribed rigid-body motion (U, ) in a quiescent liquid (u a = 0 and p a = 0). The resulting hydrodynamic force F and torque T, denoted below by F h (U, ) and T h (U, ), linearly depend on U and . Case (2): A sphere held fixed (U = = 0) in a given ambient Stokes flow (u a , p a ) satisfying (2)-(3). In this case the resulting force and torque on the sphere, given by (7) , are denoted by F a and T a . Case (3): A freely suspended sphere in the ambient flow (u a , p a ). Its unknown rigid-body motion (U, ) is then determined by requiring the sphere with negligible inertia to be force-free and torquefree. Combining by linearity the previous Cases (1) and (2) , provides the relationships
Since F h (U, ) and T h (U, ) linearly depend upon (U, ), the conditions (8) result in a linear system for (U, ).
This work henceforth restricts attention to the following ambient velocity and pressure fields
where k s , k q and k m are prescribed constants. Such a flow is the most general second-order unidirectional Stokes flow parallel to the slipping wall on which it satisfies the Navier slip conditions (3 2k m y(z + λ)e x and a quadratic shear flow k q z 2 e x . By superposition, it is sufficient to successively handle those ambient flows in solving the general problem (4)-(6) and (8) . As mentioned in the introduction, this has been achieved using bipolar coordinates for a no-slip wall (λ = 0) in (16, 14) and for a slipping wall (λ > 0) in (10-12, 17, 18).
Sphere immersed in a modulated shear flow
This section deals with a sphere held fixed or freely suspended in the ambient velocity field u a = 2k m y(z + λ)e x .
Relevant flow decomposition
By linearity, the flow field u a = 2k m y(z + λ)e x is split as the sum of a 'straining' flow v st and a 'modulated rotational' flow v rot with zero pressures and such that
Invoking symmetries, as done in (13, 14) for the λ = 0 case, easily shows that a sphere held fixed in the 'straining' flow v st experiences zero force and zero torque. Hence, the 'straining' flow does not contribute to the motion of a sphere freely suspended in the ambient polynomial flow (9) . It should be possible to gain the flow disturbance (u, p) about a sphere held fixed in the flow v st for a slipping wall (λ > 0) by extending the procedure developed in (14) for the no-slip wall (λ = 0). However, this appears to be a lengthy task. Since it is also useless in addressing the motion of the sphere in the ambient flow (9) , such an investigation is therefore not handled in the present work.
Solution for the modulated rotational flow
For convenience, we introduce cylindrical polar coordinates (ρ, z, φ) defined by ρ = {x 2 + y 2 } 1/2 , x = ρ cos φ, y = ρ sin φ and the associated unit vectors e ρ = cos φ e x + sin φ e y and e φ = e z × e ρ . Therefrom we also define the bipolar coordinates η and ξ such that (19) 
where 0 ≤ φ ≤ 2π, 0 ≤ η ≤ π and 0 ≤ ξ ≤ α in the liquid domain D. The domain boundaries are the ξ = z = 0 plane slipping wall and the sphere surface S on which ξ = α with cosh α = l/a. As shown for instance in (20, 21) , using bipolar coordinates is quite efficient when dealing with such a liquid domain geometry. More generally, these coordinates are also convenient for deriving accurate solutions of Stokes flows whenever the bounded or unbounded liquid domain has a boundary consisting of two different spheres or of one sphere and a plane (for several related references, apart the ones quoted in this paper, the reader is directed to (15)).
3.2.1 Pressure and velocity disturbances. The treatment proposed in (9) for a sphere rotating normal to a slipping wall is extended to the present case of a sphere held fixed in the ambient modulated rotational flow field v rot . The flow about the sphere has a zero pressure (p = 0) and a velocity v rot + k m v(ρ, z)e φ where v is an unknown function. From the general problem (4)- (6) , it follows that v should satisfy
Invoking (22), the general solution of (13) may be expressed in terms of the bipolar coordinates (η, ξ ) defined by (12) as follows
where A n and B n are unknown coefficients vanishing for n large, t = cos η, γ n = n + 1/2, P n (t) denotes the Legendre polynomial of order n and the prime designates a differentiation with respect to t. Appealing to (9) , the first boundary condition (14) on the z = ξ = 0 slipping plane wall becomes
In enforcing on the ξ = α sphere surface S the second boundary condition (14) it is convenient to use the following identities
γ n e −γ n α P n (t).
Requiring that v = ρ(z + λ) for ξ = α then yields the relationship
Combining (16) with (19) then provides the following infinite linear system for the unknown coefficients B n
to be solved with the definitions and behaviour
# The identity (17) Once (20)- (21) is solved the calculation of the velocity disturbance k m v(ρ, z)e φ follows from (15) and from the relationship (19) A n = J n − B n tanh γ n α, n ≥ 1.
3.2.2 Torque about a fixed sphere. Angular velocity of a freely-suspended sphere. Clearly, the axisymmetric flow k m v(ρ, z)e φ exerts a zero force on the fixed sphere. In contrast, it applies a nonzero torque C mod on the sphere about its centre O . For v of the general form (15) this torque is parallel with e z and given versus the coefficients A n and B n in (23) . Using the link c = a sinh α, it reads
The torque C mod on the fixed sphere depends upon the normalised slip length λ = λ/a and the normalised wall-sphere gap l/a − 1. For large l/a the influence of the plane wall vanishes and C mod tends to the value −8π a 3 lμk m e z predicted by the usual Faxen (24) relationship. As in (14), we therefore introduce the friction coefficient c m zx for the modulated shear flow (and modulated rotational flow) such that
Note that analogous results were derived in (9) for a sphere rotating at the angular velocity e z in a quiescent liquid (no ambient flow). In that case, the torque C rot exerted on the rotating sphere is
with coefficients A n and B n still given by solving (20)- (22) but with J n now given by
Accordingly (recall (8)), a sphere that is freely-suspended in the modulated shear flow 2k m y(z + λ)e x rotates (without translating) parallel with e z at the angular velocity e z with
where ω is a normalized angular velocity.
Numerical implementation and results
For a no-slip wall (λ = 0) it is possible to obtain analytical solutions with A n = 0 and B n = 2 √ 2[1/ tanh(γ n α) − 1] for the rotating sphere (see (9) ) and B n = 2 √ 2(2n + 1)[1/ tanh(γ n α) − 1]/3 (with A n given by (22) ) for the sphere held fixed in the modulated rotational flow (see (14) ).
For a slipping wall (λ > 0) a numerical treatment is needed in order to obtain the coefficients B n which vanish as n becomes infinite (see (21) ) and are solutions of the linear system (20) . This linear system is now denoted as L(B n ) = d n (with d n the right-hand side of (20) ) and let c t be the resulting normalised torque (that is either c m zx or c r zz ). Two different numerical methods were employed to compute, at a prescribed small accuracy level l , the torque friction coefficient c t :
(i) The technique, introduced in (23) for a sphere rotating near a plane surfactant layer and further employed in (9) for the sphere rotating normal to the slipping wall and in (16) for other problems involving a sphere and a no-slip wall. It consists in setting B n = t n + B 1 v n for n ≥ 1 with series (t n ) and (v n ) such that The approximation of c t is c t (N) and, as for the previous method (i), the procedure is iteratively repeated and stopped for a convergence value N 2 for which the error on c t is less than l .
Those two alternative methods have been coded in Fortran using double precision. They do not approximate the B n s with the same accuracy level since method (i) is explicit and method (ii) is implicit. Consequently, for a prescribed value of l the convergence values of N 1 and N 2 are not necessarily identical. Moreover, both N 1 and N 2 also depend upon the sphere location l/a, the normalised slip length λ = λ/a and the addressed problem (rotating sphere or sphere held fixed in the modulated rotational flow). Table 1 gives for a rotating sphere and l = 10 −7 the quantities N 1 , N 2 and c r zz for several values of λ/a and different sphere locations l/a = cosh(α). Both techniques (i) and (ii) provide identical six-digit approximations of c r zz . These results are in good agreement with the predictions obtained by the quite different boundary integral equation (BIE) approach (see this article conclusions). For instance, using 1058 collocation points on the sphere surface the (less accurate) BIE Code gives c r zz = 1.023149 for α = λ/a = 0.5. For very small sphere to wall gaps (l/a − 1 1) the BIE method is not appropriate because the mesh on the sphere should be too refined. Method (ii) can be used by increasing N 2 , but at some stage the size of the matrix to be inverted becomes prohibitively large for present computer memory. Then method (i) becomes more adapted because there is no such large matrix to store and invert. However, being explicit the method (i) requires a large number of digits in intermediate calculations: typically quadruple precision (32 digits), or more (using computer algebra software), is needed to ascertain the required accuracy (see for example for details (16) in the particular case λ = 0). Surprisingly, the results reported in (9) using the above technique (i) are not in perfect agreement with our results and the BIE predictions. Note that discrepancies especially arise when both λ and the normalised gap l/a − 1 become small. It might be that those authors have used an insufficient single (eight-digit) precision in their numerical implementation, therefore obtaining results of medium accuracy. One should actually replace Table B of (9) with the present As shown in Fig. 2 , the torque coefficient c r zz is close to unity whatever λ ≥ 0 and l/a ≥ 1. It also weakly either increases or decreases as l/a decays (that is as the sphere approaches the wall) when λ is either close to zero or larger than unity, respectively. Not surprisingly, for a given sphere location c r zz drops as the normalised slip length λ increases since the friction exerted on the flow by the wall then becomes weaker. Finally, it is remarked that c r zz − 1 quickly vanishes as l/a becomes large. As detailed below in Section 3.4 (see (28) ), it turns out that c r zz − 1 = O(a 3 /l 3 ) for l a. Accurate computations of c m zx and of the normalised angular velocity ω have been also performed using both techniques (i) and (ii). Some illustrating eight-digit results (that is obtained for the accuracy level l = 10 −9 ) are listed in Table 3 .
By comparison, running the previously-mentioned BIE Code with 1058 collocation points on the sphere boundary gives c m zx = 1.350242 and c r zz = 1.014215 for l/a − 1 = λ/a = 0.5. Using superscripts m for a sphere held fixed in the modulated shear and r for the case of the rotating sphere, we also provide the number of terms for convergence N m 1 , N r 1 , N m 2 and N r 2 in Table 3 . As for Table 1 , these numbers are seen to strongly increase with a/l and λ/a because the flow structure which takes Table 2 Corrected values of the torque friction factor c r zz which should replace the ones given in (9) ( Table 2) . Like in that reference, the first column gives the ratio a/λ and the sphere location is given by the value of α with l/a = cosh(α) place between the slipping wall and the sphere becomes more complex as a/l and/or λ/a increase(s). Retaining at the most about 50 terms is sufficient to achieve the required eight-digit accuracy for l/a ≥ 1.5 but much more terms are needed for smaller values of l/a. In addition, more terms are always needed for the modulated shear flow than for the rotating sphere (N m 1 > N r 1 and N m 2 > N r 2 ). The technique (i) requires more terms than the procedure (ii), except for λ > 0 smaller than unity. 
The coefficient c m zx is plotted in Fig. 3 versus l/a for several values of λ. In contrast to c r zz , it appears that c m zx might be large for small sphere-wall gap l/a − 1 and large λ and also tends slower to unity for l/a 1. Moreover, it turns out that c m zx increases with λ for a given sphere location l/a. This is because as the slip length increases the wall ability to let the liquid flow tangent to it is larger. As a consequence, the flow velocity magnitude |k m |(z + λ)ρ on the sphere boundary (in particular on the part facing the wall) strongly increases in a non-trivial way with λ, therefore leading to a larger torque.
For l + λ a the ambient fluid velocity is of order u a ∼ k m (l + λ)ρ e φ on the sphere surface. The velocity disturbance u = k m ve ϕ on the sphere then obeys (14) where the second relation is replaced with the condition v = ρ(l + λ). Clearly, the fluid velocity about the sphere is v = (l + λ)v 1 with v 1 e ϕ the velocity about a sphere rotating at the angular velocity e 3 near the plane wall with slip length λ. Recalling the definitions (24)- (25) (i) The case of a strongly slipping wall for which λ 1. In this case the sphere location is arbitrary (that is the sphere may even be very close the wall when l/a ∼ 1). (ii) The case of a distant sphere with l/a 1. Since a[c r zz − 1]/l vanishes as l/a becomes large (recall Fig. 2 ) it turns out that c m zx ∼ 1 + λa/l for a distant sphere whatever the normalized slip length λ. A refined asymptotic expansion of c m zx for large l/a will also be derived in section 3.4.
As the reader may check, both approximations c m zx ∼ (1 + λa/l)c r zz and ω ∼ 1 + λa/l nicely agree with the computed values presented in Table 3 Table 3 . As observed in Fig. 4 , the sphere normalized angular velocity ω exhibits the same behaviour as the torque coefficient c m zx . This is easily understood from (27) since c r zz generally remains of order unity. Note that for very small λ the value of ω is less than unity for a sufficiently close sphere. This is because of the local increase of c r zz due to lubrication stresses.
Asymptotic expansions for a distant sphere
For large l/a asymptotic expansions may be obtained by formally solving (20) using the technique (i) and expanding in terms of the small parameter = e −l/a . Results for c m zx , c r zz and ω are then obtained as series in a/l each coefficient depending on λ. Like in (16), we use for that purpose Maple computer algebra software. The derived asymptotic expansions read
We observe (without formal proof) that (28)- (30) by comparing in Table 4 these asymptotic estimates against the computed values for l/a = 2, 5, 10 and different values of λ = λ/a. Not surprisingly, the formula (29) yields its worst prediction for l/a = 2 and λ = 5. In general, the accuracy of (28) 
Sphere immersed in quadratic or 'pure' shear flows
This section addresses ambient 'pure' shear and quadratic flows. For symmetry reasons a sphere freely suspended in these flows translates and rotates parallel with e x and e y , respectively. The necessary flow fields (u, p) are thus solutions of (4)- (5) with the boundary conditions
These flow fields have been obtained in (10) (11) (12) except for the quadratic shear flow which was recently and briefly handled in (17, 18) . This section presents for these flow fields a unified treatment reducing, as in (11, 12) , to the determination of four series of coefficients (in contrast to (10) which ends up with seven series of coefficients). The focus here is on the quadratic shear flow. As a complement to earlier quoted works, we also calculate the stresslet tensor for the various flow fields.
Required flow fields about the sphere
As pioneered by (25, 26, 27) for problems with a no-slip solid wall, the velocity and pressure fields u = u ρ e ρ + u φ e φ + u z e z and p are sought for under the following form
with c = a sinh α and unknown functions W 1 , U 0 , U 1 and U 2 depending upon the bipolar coordinates (η, ξ ). The boundary condition u.e z = 0 on the z = ξ = 0 plane wall and the equation μ∇ 2 u = ∇p in the entire liquid domain 0 < ξ < α are enforced by seeking W 1 , U 0 , U 1 , U 2 in the following forms (14)
where, recalling (31)- (32), M = 2 for the quadratic shear flow, M = 1 for the 'pure' shear flow or the sphere rotating parallel with e y and M = 0 for the sphere translating parallel with e x . In addition, in (35)-(38) we set t = cos η, γ n = n + 1/2 while P n is the Legendre polynomial of order n and primes designate differentiations with respect to t. Because (u, p) vanishes as |OM| → ∞ ( that is as (ξ, η) → (0, 0)) and is bounded on the wall and in the entire fluid domain, all coefficients A n , B n , C n , D n , E n , F n and G n are required to vanish as n becomes large.
Exploiting the remaining conditions (5) on the slip wall gives (see 10, 11, 12)
As shown in (26), the divergence-free condition (4) for the velocity u further yields two additional relationships obtained for ξ > 0 and ξ = 0. The relation for ξ > 0 reads
The second relation for ξ = 0 may actually be combined with the boundary conditions for the tangential velocity components on the ξ = 0 plane wall thereby providing on this boundary the condition ∂v z /∂z = λ∂ 2 v z /∂z 2 for ξ = 0. Curtailing the details available in (12), we eventually obtain
Of course, (39)-(42) hold whatever the addressed flow since (31)- (32) have not yet been taken into account. Focusing now on the quadratic shear, we further impose (31) , that is u = −z 2 e x on S. In other words, we require
Enforcing (43), as detailed in Appendix A, results in three additional relationships. Defining
these relations read with, for the quadratic shear flow (M = 2),
for n ≥ 0 and f
As established in (10-12), (45)-(47) still hold for the other boundary conditions (31)- (32): (i) For the sphere held fixed in the pure shear flow (λ + z)e x , then M = 1 and
(ii) For the sphere translating with velocity e x , then M = 0 and
(iii) For the sphere rotating with velocity e y , then M = 1 and
As proposed in (11, 12) and in contrast to (10), the task of determining the coefficients A n , C n , E n and G n may be reduced as follows. Injecting (45)-(47) in (39)-(41) and setting λ = λ/a provides the following coupled equations
Because u vanishes far from the sphere it is also (see (10) ) required that
In this process, once A n , C n , E n and G n are obtained, the coefficients B n , D n and F n follow from (45) to (47).
Resulting force, torque and stresslet tensor
This section expresses the force, torque and second-rank stresslet tensor exerted on the sphere by each of the previously-handled flow fields of the form (33)-(38). (25, 26) , the net force and torque (about the sphere centre O ) produced on the sphere by a flow field given by (33)-(38) read
General formulae. From
with F and T expressed in terms of the coefficients A n , C n and E n as follows
Another quantity of interest is the second-rank stresslet tensor S exerted on the sphere. When defined with respect to the sphere centre O it reads
with x = O M and I the usual identity tensor. The stresslet S plays a key role (see, among others, (28) (29) (30) (31) ) in the theoretical prediction of the effective viscosity of a dilute suspension of 
As shown in (32) , the component D xz may be expressed in terms of the coefficients A n , B n and C n by exploiting (33)-(38). Taking into account (58)-(59), we eventually obtain 
Setting z = z + l, the following decompositions hold
Accordingly, for a distant sphere (a case for which the results for an unbounded liquid prevail) the non-zero contribution to S xz is due to the velocity k s z e z or 2k q lz e z for the ambient pure shear or quadratic shear flow, respectively. This explains the selected scalings for S xz in (65) and (68).
It is noteworthy that the usual reciprocal identity (19) also holds (see, for instance, (12)) for two arbitrary Stokes flows satisfying (4)- (6) 
Each friction factor depends upon (λ/a, l/a). The values in absence of wall, further denoted by using the additional superscript NW (which means no wall), are obtained by using the widely-employed Faxen relations (see 24, 19) for a solid sphere and found to be unity except the following ones f q,NW xx 
Case of a freely-suspended sphere
A freely-suspended sphere in the quadratic ambient shear flow field k q z 2 e x translates with velocity U q e x and rotates at the angular velocity q e y . These velocities are derived by enforcing the relations (8) . Exploiting the definitions (66)-(68) tends to unity as a/l vanishes.
Asymptotic and numerical results for the linear and quadratic shear flows
This section briefly presents the numerical treatment. It then gives asymptotic results for a distant sphere and numerical results for a sphere with arbitrary location.
Computational methods
We first cast the equations (53)-(56) into the following form
where the M's are 4 × 4 known matrices are readily obtained by inspecting (53)-(56) and the vectors X n are defined as
while the right-hand sides vectors B n read
Of course, the infinite linear system (79)- (82) 
Numerical technique
The truncation level N is iteratively increased until a prescribed accuracy is reached for the computed vectors X n . As for the modulated rotational flow (see section 3.3), the value of N required to reach a prescribed accuracy in the determination of a normalised quantity (friction factor or normalised velocity) depends on the addressed quantity and increases as the wall slip length increases and/or the sphere approaches the slipping wall. This trend is illustrated in Table 5 , using the previous direct LU factorization algorithm (i), for λ/a = 5 and l/a = 1.005 (a severe setting requiring N to be large since the wall-sphere gap is small compared with both the sphere radius and the wall slip length).
Note that results for translation, rotation and linear shear flow are in perfect agreement with those of (12) which used method (ii) (except for the stresslet which was not treated there). As confirmed by this Table 5 , taking N = 12000 is 'sufficient' to compute all the normalised quantity introduced in section 4.2 and section 4.3 with a six-digit accuracy in the range 0 ≤ λ/a ≤ 5 when l/a ≥ 1.005. Note that, in this regard, the more demanding quantities are the stresslet friction factors. Still smaller gaps would need a larger number of terms. Method (ii) would also need a larger number of digits, since it is explicit (see (12) for details in the cases of translation, rotation and pure shear flow).
Asymptotic analysis for a distant sphere
For engineering applications it is useful to propose handy formulae for the friction coefficients which are valid in a wide range of values of the slip length and sphere location. It is worth quantifying the range of the sphere-wall interactions by scaling them in terms of the small parameter a/l 1 and λ/a for a distant sphere. We define in this article 'long-range' as being O(a/l) and 'short-range' as decaying faster than O(a/l). The asymptotic estimate of a given friction coefficient or normalized velocity is expected to depend upon the addressed quantity for a fixed or a freely-suspended distant sphere, that is for a/l 1. It is here obtained by Thomas' algorithm, with Mathematica computer algebra software, expanding the friction coefficient in terms of the small parameter = e −l/a and then converting the result as series in a/l. In doing so we retain in the series (35)-(38) one more term than the desired number of terms in for the velocities W 1 , U 0 , U 2 and pressure Q 1 . The method is by essence able to build asymptotic expansions at large orders. For a sake of conciseness, attention is however restricted in this article to estimates of order (a/l) 5 .
5.3.1
Sphere translating or rotating parallel to a distant slipping wall. Friction coefficients c r yy , f r xy = 4c t yx /3 and f t xx have been numerically computed for arbitrary sphere location and normalised slip length λ = λ/a in (10) and more recently, at a high-level accuracy, also in (12). However, those papers neither provide asymptotic estimates nor consider the stresslet factors s t xz and s r xz . Here, we obtain for a distant rotating sphere Table 6 Comparisons between computed and asymptotic values (see (88)- (99)) of the normalized friction factors and velocities for λ = a and l/a = 10, 100
Computed l = 10a Asymptotic l = 10a Computed l = 100a Asymptotic l = 100a For a no-slip wall (λ = 0) the terms of order (a/l) 4 vanish in the expansions of c r yy and s r xz and the results match the ones derived earlier in (16) for the force and torque friction factors. A non-zero normalised wall slip length λ affects some coefficients of the previous expansions but, except for f r xy , not the leading term. As a result, the above friction factors are more or less sensitive to the wall slip length when the sphere is distant. For instance, c r yy is weakly sensitive to the wall slip while f r xy (and also c t yx ) is even less affected. Finally, observe that some terms in the expansions (86)-(87) adopt a complicated form.
The proposed asymptotic expansions are compared in Table 6 for λ = 1 and l/a = 10, 100 with the computed values obtained by using the LU factorisation algorithm with N = 12000 (this value of N has been found to give the reported 10-digit accuracy for these values of (λ, l/a)). 
The normalised velocities u q and ω q of a sphere freely-suspended in the quadratic shear flow have the following expansions 
As for the freely-suspended sphere in a linear shear flow, the results (97)-(99) (not given in (17)) show that the freely-suspended sphere rigid-body motion and experienced stresslet are subject to short-range wall-sphere interactions of order O ( Table 6 .
Numerical results for arbitrary sphere location
This section numerically investigates the case of a sphere located near the slip wall. It should be recalled that (12) recently reported accurate results for a sphere translating or rotating parallel with the slip wall in a quiescent liquid or immersed (being either held fixed or freely-suspended) in a linear shear flow except for the stresslet component. However, (12) does not deal with the stresslet component for those cases. Therefore, we here confine attention to the quadratic shear flow and also to the stresslet coefficients for a sphere embedded in a linear or quadratic ambient shear flow.
The lubrication problem (for very low l/a − 1) was treated in (12) on the basis of Thomas' algorithm computations. Recall that the conclusions from (12) were that an approximate lubrication formula could be obtained for f t xx but the cases of f r yx and c r yy which involve log(l/a − 1) were more difficult to tackle and would require a special and involved analytical analysis. In this article, the lubrication regime is not studied in detail. We can simply remark that a singular behaviour of friction factors is expected only when the neighbouring surfaces of the sphere and wall are in relative motion. Both quantities slowly tend to unity as the wall-sphere gap increases. That is, sphere-wall interactions are long-range. They also take a finite value as the sphere-wall gap vanishes. Not surprisingly, the normalized force f q xx is seen to monotonically decrease as l/a or λ/a increases. In addition, for very small sphere-wall and normalised slip length λ/a it is seen that f q xx may reach twice its value of unity in absence of wall.
In contrast, the torque coefficient exhibits a quite different behaviour. First, c q yx remains very close to unity (up to 4%) whatever (l/a, λ/a). Second, the sensitivity of c q yx to l/a deeply depends upon the normalised slip length λ = λ/a ≥ 0. As already pointed out in (14) for the no-slip case (λ = 0), it turns out that for λ < λ c (with, from our numerical investigations, a critical slip length λ c < 0.1) the coefficient c q yx first decreases and then increases with increasing l/a, thereby admitting a minimum. Such a minimum is located very close to the wall, in practice at l ∼ 1.2a (for instance, see (14) , for λ = 0 the minimum takes place at l = 1.18a). For λ > λ c , c q yx first increases and then decreases with increasing l/a, therefore admitting a maximum located around l = 2a. Both normalised translational velocity u q and angular velocity ω q of a freely-suspended sphere in a quadratic shear flow are displayed in Fig. 6 .
As revealed by the asymptotic estimates (97)-(98), these quantities tend to unity very fast as a/l vanishes. We therefore plot them only in the range 1 < l/a ≤ 4. It is observed that variations of u q with λ are significant whereas those of ω q with λ are small. Moreover, wall-sphere interactions slow down (u q < 1 and ω q < 1) the sphere translational and rotational motions whatever (l/a, λ/a). Moreover, for a given sphere location l/a, increasing the wall slip length also increases the sphere translational velocity u q while the sphere rotation may either increase or decrease depending upon the value of λ (in fact our computations reveal that ω q goes through a maximum for λ ∼ 0.5). On the other hand for a prescribed normalised slip length λ it is observed that the sphere angular velocity ω q decreases as the sphere approaches the slip wall as also does u q except for a sphere sufficiently close to a slipping enough wall (see the curves for λ ≥ 0.3 in Fig. 6a) .
Finally, we provide in Table 7 the computed quantities f q xx , c q yx , u q and ω q (using again the LU factorisation algorithm with N = 12000) for several values of (l/a, λ/a). for a freely moving sphere would be of the utmost importance in evaluating the viscosity of a dilute suspension of solid spheres embedded in a pure (k s ) or a quadratic (k q ) shear flow close to a slipping wall.
For completion and comparison purposes, we also plot in Fig. 7 is actually positive and of small value even when the sphere is close to the wall. It is straightforward to show that a Poiseuille flow between two slip planes, with equal slip length λ, located at z = 0 and z = h > 0 has the following velocity
with dp/dx the imposed uniform pressure gradient. If the sphere is close to the lower z = 0 wall, i. e. if l h/2 we can ignore the interactions with the upper wall and using the relationship k q = −k s /h obtain the stresslet component S 
Since 2l/ Table 8 (for the same pairs (l/a, λ/a) as the ones selected in Table 7 ) the computed values of the previously plotted stresslet coefficients and also the two 
Conclusions
A general solution in bipolar coordinates has been obtained for a sphere either held fixed or freelysuspended near a slip wall in an ambient modulated rotational flow and linear or quadratic shear The bipolar coordinates method is quite appropriate to provide very accurate results, even at small wall-sphere gaps. To reach this goal, the boundary conditions on the wall and on the sphere boundary have first to be carefully cast into relationships between unknown coefficients, reducing the number of equations from 7 (like in (10)) to 4 (like in 11, 12) (see section 4.1 for details). Second, the resulting infinite linear system has to be adequately truncated and inverted in order to reach the expected accuracy level of resolution (see section 5.1 and also Table 5 ). Methods to reach this goal depend upon the flow field. The classical implicit method inverting a large matrix may be used for all flow fields. Methods using less computer memory are explicit ones: (i) for an axisymmetric flow field, the one pioneered in (23) (see section 3.3); (ii) for a symmetric flow field, the so-called Thomas' algorithm detailed in (17) (see section 5.1). The merits and drawbacks of each method are discussed in the relevant subsections sections 3.3 and 5.1.
Two types of results are provided: numerical results valid for any sphere location and asymptotic ones valid for a distant sphere. Comprehensive numerical results are provided by figures and tables for all friction and mobility coefficients in a large range of normalised slip length and sphere-towall distances. Asymptotic expansions for the coefficients are derived from the general solution in bispherical coordinates. These asymptotic expansions are new for the linear and modulated shear flows and complement results (17, 18) for the quadratic shear flow. It is shown that the numerical and asymptotic results match for a distant sphere. Moreover, the asymptotic analysis reveals that depending upon the addressed friction coefficient either long-range (O(a/l)) or shortrange (O(a 3 /l 3 )) weak interactions occur between the slip wall and a distant sphere. With a few terms only, these asymptotic expansions provide handy formulae in view of practical applications.
A no-slip sphere was considered in this article. The interesting cases of a slip sphere translating normal to a slip wall and held fixed in a linear shear flow near a slip wall have been handled in (7) (using again bipolar coordinates) and in (33) (using the boundary integral approach), respectively. In a similar way, it should be possible to extend the present analysis, still using the bipolar coordinates, to a slip sphere either held fixed or freely suspended in a quadratic shear.
Even for the no-slip particle, most of the works available in the literature are, like the present one, restricted to the case of a spherical particle. Since non-spherical particles are encountered in practice it would be useful in future to also deal with a solid arbitrary-shaped particle so as to quantity shape effects. Clearly, those problems are not solvable with the bipolar coordinates technique which, by essence, restricts the analysis to a sphere. One can think about using a boundary integral technique while exploiting the present results for a sphere to benchmark the boundary procedure. Hence, we are currently developing a boundary approach with a relevant Green tensor for a slip wall so that only the body surface has to be meshed (it thus differs from the technique implemented in (33) ). This already provided a confirmation of the present results for the modulated rotational flow (see comments in section 3.3). However, since it requires additional efforts, its presentation and results for a non-spherical solid particle immersed in a linear or a quadratic shear flow are postponed to a future work.
